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Spatial Doppler anomaly in an excitable medium
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We consider a two-dimensional steady spiral wave in a singly diffusive FitzHugh-Nagumo medium. When

perturbed by a uniform external field, the spiral will, in general, display a drifting motion as well as a spatial
deformation with Doppler-like features. The present work demonstrates the existence of a radical departure
from the conventional moving-source Doppler deformation of the wave pattern in space, even to first order in
the perturbation. In particular, the maximal shrinking of the wavelength can occur in a direction very different
from the drift itself; the anomalous direction of the shift amounts eeoth-order effecin the perturbation.
We present a simple renormalization-based formula for this effect, as well as the results of some numerical
simulations; theory and simulations are in good agreement. The formula involves dispersion properties of the
one-dimensional unperturbed system. The basic technique is related to Zykov's derivation of the curvature-
speed formula for a wave front. There exists a Doppler anomaly in time as well, but it is less conspicuous than
the spatial one because it is of second order in the perturb484d063-651X96)02608-§

PACS numbe(s): 82.40.Ck

[. INTRODUCTION guantitatively, deformations such as are displayed in the
simulations of Fig. 1. Our theoretical derivation of the effect
In this paper we study the spatial Doppler deformation ofresults in a formula, Eq.23) further on, which predicts the
a drifting spiral wave. More specifically, we consider a snap-deformation on the basis of the spiral’s drift velocity and its
shot of the spiral, and examine the spacing between its turrignperturbed period of rotation; the formula also makes use of
in various regions characterized by their orientation with re-SOme ingredients, such as the dispersion, from the one-
spect to the spiral’s center. We assume the medium of prop&limensional solutions of the unperturbed FitzHugh-Nagumo
gation to be modeled by two-dimensional reaction-diffusion€quations. To first order in the perturbing field, our predic-
equations of the FitzHugh-Nagumo tyjé]; the drift is  tion has the form
caused by an extra gradient tefor convection termin one
of the equations. The Belousov-ZhabotinsiBZ) reaction A(n)=A(=n)=n-(pV+qG),
[2] in an external uniform time-independent electric field
provides a reasonable realization of such a model. That thehere the unit vecton points from the spiral’s instantaneous
field has a strong effect on two-dimensional BZ wave pat-center of rotation to the observation region, and where the
terns, including spirals, is well documented experimentallyleft side is the wavelength difference between that region and
and in computer simulation8—7]. However, a quantitative the one oppositely located relative to the center. The vectors
theoretical understanding directly based on the properties 8f and G stand for drift velocity and perturbing field; the
the medium has been lacking, especially in regard to how theoefficients p and g involve the above-mentioned one-
deformation differs from traditional expectations. In this dimensional parameters. The method of derivation amounts
work it is our aim to provide such an analysis and to test itd0 a kind of renormalization, or rescaling, in which we com-
predictions through computer simulations. pare two solutions for plane waves. The first solution is the
In the conventional moving-source situation, the wave-perturbed spiral wave in the periphefapatially asymptotic
length is maximally reduced in the direction of drift. A spiral region. The second solution is the unperturbed periodic one-
wave, however, breaks the chiral symmetry of the system; adimensional wave, calculated within a range of parameters.
a consequence, the drift need not be par&tielantiparallel ~ No detailed knowledge of the solutions is required in order
to the perturbing field. This is true as well if the field is to derive the formula. The constraint on the Doppler pattern
replaced by a gradient in some parameter of the medi@8Jm arises from the fact that both solutions obey equations that
Furthermore, the direction of maximum Doppler deformationare formally identical, although some parameters are differ-
need no longer be parallel to the drift; this is the feature weent. An appropriate rescaling of those parameters must con-
refer to as being anomalous, and it can be observed in Refgert one solution into the other. A similar procedure was
[4, 7]. Finally, the maximum deformation need not be linedused some time ago by Zykd@] in order to estimate the
up with the field. These angular differences can be large, angpeed of a wave from the front’s curvature.
they do not necessarily vanish in the limit of zero external A topic of considerable importance is the Doppler shift in
field. In what follows we demonstrate these statements nuthe wave’s period rather than in its wavelength. The motiva-
merically and analytically as they apply to the Doppler de-tion can arise from the BZ reactidi0] but more typically
formation; in the analytic work, the drift velocity will be from electrocardiographjl1—-18, where the spiral’s drift is
assumed known. caused by nonuniformities in the medium, or possibly by
The object of this research is to understand and predicpontaneous wandering. The results of the present paper
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FIG. 1. Drifting spirals with
anomalous Doppler deformations
Snapshots from two simulations,
(a) and (b), based on a FitzHugh-
Nagumo medium perturbed by a
uniform field G; the spiral's drift
velocity is V. We observe a non-
zero Doppler deformation along
the dotted ling(perpendicularly to
V), contrary to the conventional
expectation. A deformation along
V is visible as well, clearly so in
(a) and marginally in(b). The pa-
rameters of the simulations are de-
scribed in Appendix C; panels)
and (b) differ in the value of the
a b parameteK,. The spiral curves in
this figure are the loci of maxima
for the variableu defined by Egs.
(1) and (2).

have a bearing on these observations if the anomaly we deve have for(1) and(2)

scribe is somehow generic, in excitable media, with respect ,

to the detailed origin of the drift. In fact, a temporal anomaly du—(V+G)-Vu—aVau+d,(u,v)=0, 4
is visible in Ref.[12]. Nevertheless, it must be pointed out
that in the time domain the anomalous shift and the normal

o e T oihere ¥ now operats wih respect @, and where we
P ’ P (fefine G=(G,0). In the comoving system we postulate a

dw—V-Vu+ nd,(u,v)=0, (5)

will be far less observable than the spatial one. This secon Steady-state rotation, i.e., the frequency is constant in time

order property is demonstrated in Appendix B. Apart fromand independent of theomoving location. The core region

a_ttemptlng to clarify that issue, we do not pursue the dISCUSr'nay or may not behave in that manner, but is unimportant
sion of the temporal Doppler shift any further.

for our purpose.

We next examine a peripheral regi@R—) in which the
Il. ASYMPTOTIC BEHAVIOR wave can be considered plane, so that it propagates in the
IN THE COMOVING SYSTEM direction of a fixed unit vecton; asymptotically,n is in

We study drifting spiral waves in a perturbed FitzHugh- general noj[ parallel t&®R except in the unperturbed case. In
Nagumo medium characterized, in two space dimensionSUch @ region we have

(x,y), by the following equation$l] for two propagating u=u[n-R—C(Mt], v=v[n-R—C(n)t] ©6)
variablesu,v: ' ’
2 _ whereC(n) is the speed of propagation, in directionof a
U= aVou+Gau+ @, (u,v)=0, (1) plane wave in the perturbed medium. We note once more
that we are in the comoving reference frame. Equatid@dns
d + nP,(u,v)=0, @ and(5) now read ’ !
where a, G, and » are constant parameters;is the diffu- —[C(N)+N-(V+G)]u’ — al”+®(u,v)=0 @
sivity, and G parametrizes a gradient perturbation in the ' ’
direction. The parameter is not necessarily small, and its —[C(N)+n-V]v'+ 7®,(u,v)=0, (8

role will become apparent further o#®; and®, are generic

reactivity functions, capable of maintaining a spiral wave. Inwhere the prime indicates total differentiation. It is readily

Eq. (1), the operatow,+ Gd, is the convective time deriva- verified that Eqs(6)—(8) are valid in the case of a weakly

tive associated with a dimensionless effective ion concentradeformed spiral; specifically, we must assufidC/dO)/

tion u in the BZ medium;G is proportional to the electric C|<1, where© is the polar angle of. If V and dC/d©)/C

field and the ion mobility. The spatial domain is consideredare both of ordeG for a small perturbatioi, then(7) and

unbounded. (8) are valid through orde®. This is the accuracy sought in
We postulate that the perturbed spiral, when observethe present paper.

many wavelengths away from its core, drifts at a constant Equations(7) and(8) are to be compared with the plane-

velocity V. The core may still do some limited wandering wave equations for unspecified fixed spaednd propagat-

with respect to that uniform motiofi9]. Changing from the ing variableg/, V in the unperturbed medium at rest,

laboratory coordinatesx(y)=r to the drifting spiral’s co-

moving coordinatesX,Y) =R, —cU' —ald"+® (U, V) =0, 9

R=r—Vt, 3 —cV' + 9®,(U,V)=0. (10
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We assume thd{ and) are periodic functions with the same wherec,, A4, andf, are first order inG, and wherec,, A,
period. The total derivatives if®) and(10) are defined with andf, apply to the peripheral region of the unperturbed spi-
respect taX—ct, whereX is the one-dimensional space co- ral for given . We also assum¥ to be first order inG.
ordinate. Equation(15), expanded to first order i6 and with(16)

for the left side, becomes

Ill. PLANE-WAVE RENORMALIZATION

ci(n) f
The system(7), (8) can be recast into the standard form Ao lc( - f—l}=?\(co+ ci(nN)+n-(V+G),
(9), (10). Specifically, we leavé?) intact, but multiply(8) by 0 0
a constant factor: n-G
( 1+ —) 77), (20
c Vi s CWEN(VEG) Co
[Cm+n-(V+G)Jo"+ cm+n-v 7 2(Uhv) or, with the zeroth order subtracted,
=0. (11 cy(n) fy AN
. o 0 — = |=lcy(m+n-(V+G)] _)
Comparing the two systems, we see thigt (11) is just a ¢ fo acl,
rescaling of(9), (10) under
n-G [J\
c—C(n)+n-(V+G), (12) . ﬂ(@) ) (21)
Cc
n— Cm+n-(V+G) 7. (13 the constant variables being denoted by subscripts, and
C(n)+n-V c=c, being understood. Solving far;, we have
We are interested in solving for the cycle wavelengids Nofy I\
a function of direction. In the unperturbed cd9g (10), it is ci(n)= f—+n- (V+G) %)
known[20] that under periodic boundary conditions, and as- 0 -
suming a stable solutiory in a plane wave is completely
determined byc, @, », and the detailed form ob; and ®,. + n-G n(ﬁ) ﬁ_(ﬁ) . (22
Let o be permanently fixed, and let the functional form of Co an . Co |dc
@, and &, be similarly fixed. Then, in a one-dimensional 7
periodic wave A may be viewed as a function ofand #: In the limit of zero dispersior=(Jdc/Jf ),—0, both the
numerator and denominator @22) are infinite. This is re-
A=\(c,7). (14

lated to the fact that our renormalization argument breaks
h down if D=0 exactly. Indeed, zero dispersion would mean
that only one value ot can exist, and Eq(14) would be
meaningless. Fortunately, it is safe to assyg® that there
always exists at least a small finite rangecofBecause of
C(n)+n-(V+G) this singularity, and for purposes of measurement as well, it
A(n)=A| C(n)+n-(V+G), cm+nv_ 7 can be more convenient to take the frequency or period pa-
(15) rameter,f or 7=1/f, as independent. As an illustration we
selectr;, as well as\,, (INd7),,, and(drldn), rather tharc,,
where \ is the same function as ifl4). That function is  (d\/dc), and(dN/dn)., as the ingredients of the formula. The
known, in principle, if the one-dimensional problem haspartial-derivative manipulations are shown in Appendix A.
been solved in a range ofand . We now convertl5) into  The result, equivalent t22), is
a constraint foiC by eliminatingA in favor of C:
zll
F In A
(23

( ) 7o 2N N T1

C(n) WM==177 o~
A(n)=— (16) 0 . 0

whereF is the perturbed frequency, independentnofThe

isotropy of F is an essential ingredient in this argument; it

means thaV has been chosen correctly.

As R—x, let the drifting spiral have a cycle wavelengt
A(n). Then, according t¢12) and (13), we have a “renor-
malization condition”

>

We need to comment on several features of this formula,
which is our central theoretical result. It yields the excess
wavelength\, in directionn in terms of the periodr, and
asymptotic wavelength\, of the unperturbed spiral. The

IV. FIRST-ORDER PERTURBATION FORMULAS dispersion-like quantitie&/\/d7),, and(dr/d7), are measured

We examine the perturbative case from the unperturbed plane waves with perigdand there-
fore wavelength\y); the parameter must be assigned the
C(n)=cptcye(n), (17  same value for the perturbed spiral, the unperturbed spiral,
and the unperturbed plane wave. We can in fact set, without
A(N)=N\g+Aq1(N), (18  loss of generalityz=1 in Eq.(2), and here, after the partial

derivative has been performed. The perturbing veGois
F=fo+fq, (199  given, and the drift velocityy must be measured from the
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perturbed spiral. The scalar contributien (the change in ACKNOWLEDGMENTS
period due to the presence &) is not predicted by our
calculations. However, in a snapshot of the drifting spiral,
is irrelevant to a measurement @f;(n)—\;(—n), which
gives the Doppler geometry. The interpretation (88) is
facilitated by the fact thah andR can be considered paral-
lel; any correction must contribute t®3) in higher than
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to rewrite the last term of(23) by using the identity
(ﬁ)\/(?r),](&flﬁn))\=—(ﬁ)\/(?n)T. APPENDIX A: CHANGING VARIABLES

The term inV still represents(essentially the conven- IN THE FIRST-ORDER FORMULA
tional Doppler shift for a moving source. In the anomalous
situation which concerns us here, and in the zero-dispersion Tg_pass from(22_) to (23) we u_se(16_)—(19) on the left
imt D—O0, the overall factor in (23 becomes side; in the denominator on the right side we use

(1o/No)(dNd7),=1. If we now measure the Doppler shift at
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right angles toG, Eq. (23) becomes I _ 9 _ 9T
P 7 (c7) To+Co ol (A1)
7 7 7
)‘1(”)_)‘0{_0_”' Col’ (D=0, n-G=0), (24 Equation(22) becomes
yielding the conventional pattern for(n)—\;(—n). As far Co. [Co, [dC n-(V+G) [ dn
as the terms inG are concerned, they are kinematically )\_OM_ T_o+ ar | Co a7
equivalent to an additional deformation caused by a “wind” K 7
of velocity 7y+ 7 (d7dn), in the —G direction. n-G /[an\ [dc
e ’7(57) (7) "2
V. NUMERICAL TESTS ¢ K
In order to test formulg23) we turn to simulationga)  The term in7 can be simplified by
and (b), used to produce Fig. 1. These simulations are de-
scribed in Appendix C. From the snapshots we measgare ac d [\ 1 /9N No
i A(n)—A(—n)] with n in the +X or +Y directions. On the 7 7 \F Tl T2 (A3)
other hand, noting tha6=(0.16, Q and =1 in both simu- n n 0 n 0
lations, we predict fron{23) o
giving
== 2 (| (V016 7+ (0.16] p N
=—— = 167 . — 1, c c T
X Ao |\ d7 X 0 an —O+(—) 7'1:(_) - (A4)
7 A To \OT Jat| 1o
(25 7 7
N Next we rewrite the last term o0f(A2). Considering
Y= (0—) Vy o (26) A=M\(c,7), we have
0 T ,]
N N Jc N
The values o, and 7, were measured from the unperturbed 7 gl a5 + P (AS)
spiral:  (\g,79)=(324,36.4 for simulation (a), and . AN e

(Ng,70)=(25.6, 23.2 for (b). The partial derivatives were ob- o _
tained from one-dimensional simulations, in whighand = or, multiplying by (9c/d7), and rearranging terms,
were varied;\, can alternatively be obtained from these
simulations on the basis of the knows In this way we find N\ [dc IN\ [dc aN\ [ dc
for the overall coefficien{y/\o)(dN/d7), in both casega) % orl % ol T\ o7 %
c n T n n T
1 [aN) Ao
7o\ OT Tg
7

and(b), the value 1.00 within 5%, indicating low dispersion.
From the drifting spirals we find¥ =(0.0374, 0.13D(a) and ON
V=(—0.0271, 0.065]L (b). These values were measured by :( )
following the core for five rotation cycles ife) and 12 in .
(b); V was thereby verified to be constant. From E@5)

an

and(26) we then predict for §y, 8y) the valueq—7.7,-4.8) e i IN __ Ao [ IN

(@ and (—3.2,-1.5 (b). As measured directly from the dt) |19\ dm 5 \dn|
snapshots, which permit about 10% precision, these data are K T T
(—8.0—4.9) (a) and(—3.2,—1.4) (b). We conclude that the (A6)

first-order theory agrees with the numerical simulation
within the latter's accuracy. Substituting(A4) and (A6) in (A2) yields (23).
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APPENDIX B: THE FREQUENCY ANOMALY n=R/R+0(V). (B8)
IS A SECOND-ORDER EFFECT

Let C(n) be the speed of wave propagation, having direc-  AppENDIX C: DETAILS OF THE SIMULATIONS
tion n (at right angles to the frojtin a certain asymptotic

region. In that vicinity a generidgidly propagating wave The reactivity functions and parameters used in the nu-
has the form merical simulations are as follows. Referring to E(s.and
(2), we takea=1; the functionsb,, ®, are

B (n-R—C(n)t) B1)
v A(n) ' ®y(u,v)=—¢(u)+u, (CY
whereA(n) is the cycle wavelength in directian and where
i has a unit dimensionless period: @y(u,v)=(—utv)/o(u). (C2
W(z+1)=i(2). (B2)  The parameter in (2) was varied in the rang€®.5, 2.75 in

the unperturbed plane-wave calculations, but was set equal to

Equation(B1) gives the frequency, isotropic in the comoving 1 in simulations(a) and (b). The function is piecewise

system: linear according to
F=C(n)/A(n). (B3)
In th ional hatfe=f, (the intrinsic f a for u=tu,
n the conventional case, we ha o (the intrinsic fre- _ _
quency is unaffected by the motiprin the laboratory sys- p(u)=1 Kz(u=a) for uysu<uz,  (Cy)
temr=R+Vt we have for the general case —K3(u—1) for u>u,.
nr Cm+nVv (B4) The functiono is piecewise constant according to

R Am )
g1 for U<Bl,
(T(U): (o) for Bl$U$Bz, (C4)

C(n)+n-V n-v o3 for u>B,.
FD(n _Tm_F+m. (55)

yielding a Doppler-shifted frequency

. . L ) The parameter values for the functions defined above, as
This is the exact formula in terms of any existing pattern inseq in this paper, are as followsK,=4.0, K,=0.81 and

space. _ 0.95 for simulations(a) and (b), respectively,K;=15.0,
Both in the conventional and anomalous cases we haveul:0_018, 0,=0.5, 0,=16.5, 05=3.5, B,=0.01, B,=0.95.

(B6) The parameters, anda are determined by demanding con-
tinuity of the function ¢(u): u,=[(K;+Ky)u;+Ksz]/

and therefore to first order i, Eq. (B5) reads (K3+Kjy), a=uy(K;+Ky)/K,. Similar parameters have
been used elsewhefe.g., Ref[21]). For the coefficient of
the linear gradient in Eq1) we useG=0.16.

(B7) Equations(1) and(2) are integrated numerically using an
explicit Euler integration scheme, which has been found

We conclude that to first order the angular pattern, measurestable for a range of parameter values. In the work reported

by Fp(n)—Fp(—n), is identical in the conventional and here, we use time and space step$@£0.05 andh,=0.8.

anomalous cases. It is useful to keep in mind that in thelhe calculations were carried out on a SPARC 10 worksta-

A(n)=\gt+o0(V),

F \%
—+n- —|.
c

n-v
FD(n):F+_:fO
fO 0

Ao

above, we have tion.
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